Correlation femtoscopy study at NICA and STAR energies within a viscous
  hydrodynamic plus cascade model by Batyuk, P. et al.
ar
X
iv
:1
70
3.
09
62
8v
4 
 [n
uc
l-t
h]
  1
0 A
ug
 20
17
Correlation femtoscopy study at energies available at the JINR Nuclotron-based Ion
Collider fAcility and the BNL Relativistic Heavy Ion Collider within a viscous
hydrodynamic plus cascade model
P. Batyuk,1, ∗ Iu. Karpenko,2, 3 R.Lednicky,1 L.Malinina,1, 4, 5 K.Mikhaylov,1, 6 O. Rogachevsky,1 and D.Wielanek7
1Veksler and Baldin Laboratory of High Energy Physics, JINR Dubna, 141980 Dubna, Russia
2Bogolyubov Institute for Theoretical Physics, 03680 Kiev, Ukraine
3INFN - Sezione di Firenze, I-50019 Sesto Fiorentino (Firenze), Italy
4M. V. Lomonosov Moscow State University, Moscow, Russia
5D. V. Skobeltsyn Institute of Nuclear Physics, Moscow, Russia
6Institute of Theoretical and Experimental Physics (ITEP), Moscow, Russia
7Warsaw University of Technology, Faculty of Physics, Warsaw 00662, Poland
Correlation femtoscopy allows one to measure the space-time characteristics of particle produc-
tion in relativistic heavy-ion collisions due to the effects of quantum statistics (QS) and final state
interactions (FSI). The main features of the femtoscopy measurements at top RHIC and LHC en-
ergies are considered as a manifestation of strong collective flow and are well interpreted within
hydrodynamic models employing equation of state (EoS) with a crossover type transition between
Quark-Gluon Plasma (QGP) and hadron gas phases. The femtoscopy at lower energies was in-
tensively studied at AGS and SPS accelerators and is being studied now in the Beam Energy Scan
program (BES) at the BNL Relativistic Heavy Ion Collider in the context of exploration of the QCD
phase diagram. In this article we present femtoscopic observables calculated for Au-Au collisions at√
sNN = 7.7− 62.4 GeV in a viscous hydro + cascade model vHLLE+UrQMD and their dependence on
the EoS of thermalized matter.
PACS numbers: 25.75.-q, 25.75.Gz
Keywords: relativistic heavy-ion collisions, hydrodynamics, collective phenomena, Monte Carlo simulations,
vHLLE, UrQMD
I. INTRODUCTION
One of the main motivations for heavy-ion collision
programs is to study a new state of matter, the Quark-
Gluon Plasma (QGP) which is defined as a deconfined
state of quarks and gluons [1, 2]. The systematics of
transverse momentum spectra, elliptic and higher order
flow coefficients measured in heavy-ion collisions at BNL
Relativistic Heavy Ion Collider (RHIC) and CERN Large
Hadron Collider (LHC) energies confirmed the presence
of strong collective motion and hydrodynamic behavior
of the system [3–10]. While the hydrodynamic approach
was successful in reproduction of elliptic flow measured
at the top RHIC energies from the very beginning, it was
unable to reproduce the femtoscopic correlation measure-
ments. The problem was solved several years ago along
with substantial improvements in hydrodynamic model-
ing [11–13]. The improvements comprise a presence of
pre-thermal transverse flow, an inclusion of shear vis-
cous corrections to hydrodynamic evolution, an equa-
tion of state compatible with recent lattice QCD cal-
culations, and a consistent treatment of hadronic stage
(hadronic cascade phase). As a result, existing state-of-
the-art hydrodynamic models can reproduce, besides the
transverse momentum distributions and elliptic flow coef-
ficients, also the pion femtoscopic measurements [14–16].
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Recent lattice QCD calculations show that the tran-
sition from QGP to a hadron gas at high temperature
and small µB is a crossover [17–20], and there are no
signs of critical behavior in the region of µB/T < 2 [21].
This is supported by a recent analysis of combined full
RHIC (
√
sNN = 200 GeV) and LHC (
√
sNN = 2.76 TeV)
data in viscous hydrodynamic + cascade model, where
an elaborate model-to-data comparison using Bayesian
framework suggests that the speed of sound at all temper-
atures cannot fall below the hadron resonance gas value
of ∼ 0.15, and that the resulting posterior distribution
over possible equations of state of matter is compatible
with the lattice QCD results [22]. At the same time, there
are predictions inspired by the lattice QCD calculations
on a possible change of existing regime to a first-order
phase transition occurring at lower energies and higher
chemical potentials [23–29] and thus implying the exis-
tence of a critical point on the QCD phase diagram at
a moderate value of chemical potential [30]. These con-
siderations motivated the BES program allowing one to
study different parts of the QCD phase diagram at ex-
isting accelerators like SPS and RHIC, and, in future, at
NICA and FAIR facilities.
It has been shown many years ago [31–33] that the
long duration of particle emission related to a first order
phase transition could reveal itself in the energy region
of the onset of deconfinement as a strong increase of the
Gaussian femtoscopic radius Rout, measured along the
pair transverse momentum, compared with the nearly
constant radius Rside, measured along the perpendicu-
2lar direction in the transverse plane. As a result, one
may expect a strong increase of the ratio Rout/Rside. In
fact, a first order phase transition leads to a stalling of
the mean expansion speed and a longer emission dura-
tion ∆τ manifested as an increase of the radius measured
along the beam direction Rlong and of the ratio of trans-
verse femtoscopy radii Rout/Rside, respectively. A large
data set of correlation functions of identical charged pions
has been recently obtained by the STAR Collaboration
within the RHIC BES at
√
sNN = 7.7, 11.5, 19.6, 27,
39, 62.4 GeV. The study of Rout/Rside and R
2
out −R2side
behavior as a function of
√
sNN indicates a wide maxi-
mum near
√
sNN ∼ 20 GeV, which is reported also by
the PHENIX Collaboration [34]. Could this wide max-
imum be related to the expected change of the type of
phase transition?
To answer this and other questions, we study the
sensitivity of Bose-Einstein correlations of identical pi-
ons to the EoS using a hybrid vHLLE+UrQMD model [35].
The model combines the UrQMD approach [36, 37] for
the early and late stages of the evolution with numer-
ical (3 + 1)-dimensional viscous hydrodynamical solu-
tion [38] for the hot and dense expanding matter. A
hydrodynamic approach has an essential advantage for
the present analysis, since it allows one to simulate dif-
ferent scenarios of hadron / quark-gluon transition by
changing the EoS and other transport coefficients input.
The paper is organized as follows: the details of the
model are discussed in Section II; in Section III the fem-
toscopy formalism is described; in Section IV the results
are presented and discussed; Section V is dedicated to
conclusions.
II. VHLLE+URQMD MODEL
The use of multi-component dynamical models for the
description of dynamics of relativistic heavy-ion colli-
sions at RHIC and higher energies is essential because
hydrodynamics alone cannot describe the entire reac-
tion. At the early stage of collision, thermalization of
out-of-equilibrium quark-gluon system is assumed to oc-
cur, which allows one to describe the subsequent complex
multi-particle dynamics using a relatively simple formal-
ism of relativistic hydrodynamics. This requires an ap-
proach to calculate initial conditions for the hydrody-
namic evolution1. As the matter expands, the charac-
teristic mean free path of its constituents (quarks and
gluons transforming into hadrons) becomes comparable
to the system size. The interactions become less frequent,
but they do not cease instantaneously, a process which
can be simulated by switching from the hydrodynamical
1 Note that for lower collision energies there exist one-, two-, and
three-fluid hydrodynamical models (e.g. [39]), which apply hy-
drodynamical description already for incoming nuclei.
evolution to a hadronic cascade, usually with the help of
Cooper-Frye formula [40].
For the early stage of collision different approaches (or
models) have been used in literature, such as (MC-)KLN,
IP-Glasma, EPOS, HIJING, Glauber model etc. Those
approaches have been developed for full RHIC or LHC
energies, and lose their applicability as the collision en-
ergy decreases. As for the Glauber model, it can estimate
initial energy density profiles in transverse direction only.
Therefore we choose to use UrQMD to simulate the ini-
tial stage of the collision. We enforce a transition to hy-
drodynamical description at a hyper-surface of constant
longitudinal proper time τ0 =
√
t2 − z2. The minimal
value of the starting time τ0 is taken to be equal to the
average time for the two colliding nuclei to completely
pass through each other:
τ0 = 2R/
√
(
√
sNN/2mN)2 − 1, (1)
where R is average radius of the nucleus and mN is nu-
cleon mass.
At τ = τ0 energy, momentum and baryon/electric
charges of hadrons are distributed to fluid cells ijk
around each hadron’s position according to Gaussian pro-
files:
∆Pαijk = P
α · C · exp
(
−∆x
2
i +∆y
2
j
R2⊥
− ∆η
2
k
R2η
γ2ητ
2
0
)
(2)
∆N0ijk = N
0 · C · exp
(
−∆x
2
i +∆y
2
j
R2⊥
− ∆η
2
k
R2η
γ2ητ
2
0
)
,
(3)
where Pα and N0 are 4-momentum and charge of
a hadron, {∆xi,∆yj ,∆ηk} are the distances between
hadron’s position and center of a hydro cell ijk in each di-
rection, γη = cosh(yp−η) is the longitudinal Lorentz fac-
tor of the hadron as seen in a frame moving with the ra-
pidity η, and C is a normalization constant. The normal-
ization constant C is calculated so that the discrete sum
of energy depositions to the hydrodynamic cells equals
to the energy of the hadron. The width parameters R⊥
and Rη control granularity of the produced initial state.
For all collision energies in consideration, the resulting
initial energy density is large enough for the dense parts
of the system to reside in the QGP phase.
The following 3-dimensional viscous hydrodynamic ex-
pansion is simulated with the vHLLE code [38]. Another
input to the hydrodynamic part is the EoS, for which
we use chiral model EoS [41] or bag model EoS [42].
Whereas the present version of the chiral model EoS has
a crossover type transition between QGP and hadronic
phases for all baryon densities, the bag model EoS has
a first order phase transition between the phases also
for all baryon densities. Therefore below we dub chiral
model EoS as “XPT EoS”, and bag model EoS as “1PT
EoS”. For both EoS there are publicly available tables,
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FIG. 1. Thermodynamic pressure as a function of energy
density, evaluated at zero baryon density from the equations
of state used in the hydrodynamic stage: chiral model EoS
with crossover transition (XPT) and bag model EoS with first
order phase transition (1PT).
computed in full physically allowed T −µB region, which
makes them particularly useful for hydrodynamic com-
putations with fluctuating initial conditions. Pressure as
a function of energy density from both EoS is demon-
strated on Fig. 1.
Fluid to particle transition, or particlization, is set to
happen at a hypersurface of constant (hydrodynamic) en-
ergy density ǫsw = 0.5 GeV/fm
3, when the hydrodynamic
EoS corresponds to hadronic phase. The particlization
hypersurface is reconstructed with the CORNELIUS sub-
routine [43]. At this hypersurface, individual hadrons are
sampled using the Cooper-Frye formula including shear
viscous corrections to the distribution functions. The
hadronic rescatterings and decays are treated with the
UrQMD cascade.
The initial state parameters R⊥, Rη, hydrodynamic
starting time τ0 and shear viscosity over entropy ratio
η/s in fluid phase are tuned for different collision ener-
gies in order to approach basic experimental observables
in the RHIC Beam Energy Scan region: (pseudo)rapidity
distributions, transverse momentum spectra and elliptic
flow coefficient [35]. The resulting values of the parame-
ters are presented in Table I. The tuning has been made
with the XPT (chiral model) EoS, and in present work
we use the same set of parameter values (i.e. do not re-
tune them) for the simulations with the 1PT (bag model)
EoS.
III. FEMTOSCOPY FORMALISM
Since the first demonstration of the sensitivity of the
Bose-Einstein correlations to the spatial scale of the emit-
ting source done almost 60 years ago by G. Goldhaber,
S. Goldhaber, W. Lee and A. Pais [44], the momentum
√
sNN [GeV] τ0 [fm/c] R⊥ [fm] Rη [fm] η/s
7.7 3.2 1.4 0.5 0.2
8.8 (SPS) 2.83 1.4 0.5 0.2
11.5 2.1 1.4 0.5 0.2
17.3 (SPS) 1.42 1.4 0.5 0.15
19.6 1.22 1.4 0.5 0.15
27 1.0 1.2 0.5 0.12
39 0.9* 1.0 0.7 0.08
62.4 0.7* 1.0 0.7 0.08
200 0.4* 1.0 1.0 0.08
TABLE I. Values of hydrodynamic starting time τ0, initial
state granularity R⊥, Rη and shear viscosity over entropy
ratio η/s adjusted for different collision energies in order to
reproduce basic observables in the RHIC BES region. An
asterisk marks the values of τ0 which are adjusted instead of
being set directly from Eq. 1.
correlation technique was successfully developed and is
known presently as a “correlation femtoscopy”. It was
successfully applied to the measurement of the space-time
characteristics of particle production processes in high
energy collisions, especially in heavy-ion collisions [45–
49]. Femtoscopy correlations are studied by means of a
two-particle correlation function. In a production process
of a small enough phase space density, the correlations of
two particles emitted with a small momentum k∗ = |k∗|
in the pair rest frame (PRF)2 are dominated by the ef-
fects of their mutual final state interaction (FSI) and
quantum statistics (QS), depending on the PRF temporal
(t∗ = t∗1−t∗2) and spatial (r∗ = r∗1−r∗2) separation of par-
ticle emission points. Usually, one can neglect the tem-
poral separation [50, 51] and in such equal-time approx-
imation describe these effects by properly symmetrized
wave functions at a given total pair spin S,
[
ψS,α
′α
−k∗ (r
∗)
]∗
,
representing solutions of the scattering problem viewed
in the opposite time direction. So the complex conju-
gate, negative sign of the vector k∗ = p∗1 = −p∗2 and
the detected channel α being the entrance one. Since the
FSI factorization requires the FSI duration much larger
than the particle production time, the relative momen-
tum should be small also in the intermediate channels α′,
so that one may consider the particles in these channels
belonging to the same isospin multiplets as those in the
detected channel α. Particularly, for identical particles,
the multi-channel problem reduces to the single elastic
transition α → α only. Assuming further sufficiently
smooth behavior of single-particle spectra in a narrow
correlation region (smoothness assumption) [45, 46], one
can neglect the space-time coherence and write the cor-
relation function at a given k∗ and pair three-momentum
2 Calculations made in PRF are denoted by asterisk.
4P as
C(k∗,P) =
∫
d3r∗Sα(r∗,P)
∣∣∣ψS,α′α−k∗ (r∗)∣∣∣2, (4)
where the overline describes the averaging over the total
pair spin S and summing over the intermediate channels
α′. It is implied that particles are produced in a com-
plex process with equilibrated spin and isospin projec-
tions and so the separation distribution (source function)
Sα(r∗,P) is independent of S and α′.
Experimentally, a two-particle correlation function is
defined as a ratio C(q) = A(q)/B(q). A(q) is a mea-
sured distribution of the difference q = p1 − p2, where
p1 and p2 are three-momenta of two considered particles
taken from the same event, while B(q) is a reference dis-
tribution of pairs of particles taken from different events.
The momentum difference is usually calculated in the lon-
gitudinally co-moving system (LCMS), where the longi-
tudinal pair momentum vanishes. The vector q is usually
expressed in terms of qout , qside , qlong, where the “long”
axis is directed along the beam, “out” - along the pair
transverse momentum and “side” - perpendicular to the
latter one in the transverse plane.
To perform a quantitative analysis of femtoscopic cor-
relations, an analytical form of S is often used so that
the result of the integration procedure in Eq. (4) can be
compared with a correlation function C obtained from an
experiment. The source function is usually considered in-
dependent of the relative momentum q and its Gaussian
shape is assumed:
S(r) ∼ exp
(
− r
∗2
out
4R∗2out
− r
∗2
side
4R∗2side
− r
∗2
long
4R∗2long
)
. (5)
The widths in three directions (out, side and long) are
called “Gaussian femtoscopy radii”. In LCMS qout =
γt(q
∗
out + βt(m
2
1 −m22)/m12), qside = q∗side, qlong = q∗long,
where γt and βt are the LCMS Lorentz factor and veloc-
ity of the pair. Since the space-time separation in PRF
and LCMS is related by the Lorentz boost in the out di-
rection: r∗out = γt(rout − βtt), r∗side = rside, r∗long = rlong,
the PRF and LCMS Gaussian radii coincide except for
R∗out = γtRout. In present paper we consider the correla-
tion function of two identical pions neglecting their FSI,
so that
|ψ−k∗(r∗)|2 =
∣∣[exp(−ik∗r∗) + exp(ik∗r∗)]/√2∣∣2 =(6)
= 1 + cos(2k∗r∗),
and Eqs. (4, 5, 6) yield the 3-dim Gaussian form of the
correlation function. This form is usually used to fit the
LCMS Gaussian radii according to:
C(q) = N
(
1 + λ exp(−R2outq2out −R2sideq2side −R2longq2long)
)
.
(7)
where N is the normalization factor and λ is the corre-
lation strength parameter, which can differ from unity
due to the contribution of long-lived emitters and a non-
Gaussian shape of the correlation function; Rout, Rside,
Rlong are the Gaussian femtoscopy radii in the LCMS
frame. Eq. (7) assumes azimuthal symmetry of the pro-
duction process, which forbids the presence of the cross-
terms except for qoutqlong. We neglect the latter as-
suming further the invariance under longitudinal boosts.
Generally, in case of a correlation analysis with respect to
the reaction plane, all three cross-terms qiqj contribute.
The described fitting procedure allows one to compare
extracted femtoscopy radii from the model with existing
experimental data. This can be considered as a standard
approach. A disadvantage of this approach is due to the
fact that the Gaussian parametrization can suppress im-
portant information that could be derived from the long
non-Gaussian tails of source functions. The PHENIX
and STAR collaborations have recently started to ap-
ply a new “imaging technique” in order to extract di-
rectly the source function [52]. In contrast to the stan-
dard approach, the source imaging allows one to extract
a real non-Gaussian source function, being in this sense
a model-independent one.
Here we will use the vHLLE+UrQMD model to study the
effect of a non-Gaussian shape of the source function and
its dependence on the nature of the phase transition.
This model provides the information on particle four-
momenta and four-coordinates of the emission points al-
lowing one to calculate the correlation function with the
help of the weight procedure. For non-interacting identi-
cal pions, the weight is given in Eq. (6).
IV. RESULTS AND DISCUSSION
As mentioned above, the parameters of the model were
adjusted to approach experimental data for (pseudo-
)rapidity distributions, transverse momentum spectra
and elliptic flow coefficients with the XPT EoS, cor-
responding to a crossover type transition [35]. Then,
switching the EoS from XPT to 1PT leads to only small
differences in multiplicities and rapidity distributions of
the produced hadrons in the model. At the same time,
hydrodynamic evolution with the 1PT EoS leads to some-
what decreased mean p⊥, elliptic and triangular flow co-
efficients [53]. Those trends are explained by a less vio-
lent transverse expansion with the 1PT EoS.
In this section, we study the space-time characteristics
of the hadron emission in the model and present the re-
sults for the Bose-Einstein correlations of identical pions,
obtained with the two aforementioned EoS’s in a wide
collision energy range
√
sNN = 7.7 - 62.4 GeV covered
by the BES program at RHIC.
A. Pion emission time distributions
In the model one has access to the space-time points
of particle production in last collisions and resonance de-
cays, in addition to their momenta. In Fig. 2 we visualize
the averaged time distributions of last interaction points
5of pions from the model simulations at the lowest, mid-
dle and highest collision energies (
√
sNN = 7.7, 19.6 and
62.4 GeV, respectively) using the 1PT and XPT EoS’s.
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FIG. 2. Pion emission times at the particlization surface (a)
and the last interactions (b) in the center-of-mass system of
colliding gold nuclei at different values of
√
sNN .
A detailed information on the pion emission times as
a function of
√
sNN for all simulated collision energies
and EoS’s is given in Table II. The time distributions of
midrapidity pions have been obtained at the particliza-
tion surface (points of their creation) and at the points
of last interactions.
From the Table II one can conclude an apparently weak
dependence of the average pion creation time t¯ at the par-
ticlization surface on collision energy. It is an interplay
of longer pre-thermal and shorter hydrodynamic stage at
lower collision energies: at
√
sNN < 39 GeV, the hydro
stage starts at τ0 = 2R/(γvz) when the two colliding nu-
clei have completely passed through each other, and the
value of τ0 is as large as 3.2 fm/c at
√
sNN = 7.7 GeV.
On the other hand, the duration of hydro stage becomes
shorter as a collision energy decreases because of lower
initial energy density at the hydro starting time. For
the average pion creation times, the differences between
1PT EoS and XPT EoS are largest at the lowest colli-
sion energy in consideration. In addition, the 1PT EoS
leads to larger root-mean-square (RMS) values of the
time distributions, and the difference is again largest at
the lowest collision energy. Because of re-scatterings and,
more importantly, resonance decays in the final stage of
hadronic cascade, the points of last interactions corre-
TABLE II. Extracted average pion emission times t¯ as a func-
tion of
√
sNN in the center-of-mass system of colliding gold
nuclei depending on the EoS used.
√
sNN EoS
particlization surface last interactions
[GeV ] t¯ [fm/c] RMS [fm/c] t¯ [fm/c] RMS [fm/c]
7.7
1PT 7.24 2.84 13.15 6.56
XPT 6.16 2.01 11.61 6.26
11.5
1PT 7.33 2.31 13.09 6.92
XPT 6.36 1.91 11.57 6.41
19.6
1PT 6.88 2.16 13.18 7.56
XPT 6.41 2.15 11.93 6.93
27
1PT 6.85 2.37 13.38 8.07
XPT 6.40 2.39 12.62 7.57
39
1PT 7.17 2.75 13.98 8.30
XPT 6.64 2.58 13.05 7.85
62.4
1PT 7.00 2.82 14.11 8.50
XPT 6.60 2.63 12.72 7.81
spond to larger values of t¯, which also depend weakly
on collision energy. The cascade somewhat smears the
relative difference between the 1PT and XPT scenarios,
both for t¯ and RMS.
B. Three-dimensional correlation radii in LCMS.
An example of one-dimensional projections of three-
dimensional correlation function obtained with the
vHLLE+UrQMD model using the 1PT EoS and XPT EoS
is shown in Fig. 3. The analysis involved the simulations
performed for gold-gold collisions at
√
sNN = 7.7 GeV
with applied cuts on event centrality of 0 − 5% and the
pair transverse momentum kT . The second one pertains
to the range of (0.15 - 0.25) GeV/c.
One can see that the pion correlation functions at small
qi (i = “out”, “side”, “long”) are not well described by
the Gaussian function in Eq. (7). The observed difference
between correlation functions calculated with the 1PT
and XPT EoS’s is noticeable in the “out” and “long”
directions. In Fig. 4 this fact is demonstrated by the
ratios of individual projections. The ratios in the “out”
and “long” directions reach values up to 1.03 at small
qout and qlong. A percent deviation from unity at small
qside values appears due to the finite cuts on qout and
qlong.
In Fig. 5 we present the mT -dependence of the three-
dimensional femtoscopy LCMS radii calculated at
√
sNN
= 7.7, 11.5, 19.6, 27, 39, 62.4 GeV using the 1PT and
XPT EoS’s, and a comparison of the obtained results
with those ones obtained by the STAR collaboration [54].
One can see that the model reasonably describes the
mT -dependence of radii for all beam energies with both
EoS’s. As for the radii, they show different trends in
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FIG. 3. One-dimensional projections of three-dimensional
correlation function (see Eq. (7)) of non-interacting identical
pion pairs onto “out” (a), “side” (b) and “long” (c) direc-
tions. While projecting onto a direction, other two directions
are required to be within the range of (-0.03, 0.03) GeV/c.
A fit with the Gaussian function is presented by dashed and
solid lines for the 1PT and XPT scenarios, respectively.
the “out”, “side” and “long” directions. Whereas the
Rside using both EoS’s practically coincide, the Rout with
the 1PT EoS is generally larger (however, not more than
0.5 fm at any collision energy) than for the XPT EoS.
This also leads to larger values of the Rout/Rside ratio
using the 1PT EoS. The difference comes from a weaker
transverse flow developed in the fluid phase with the
1PT EoS as compared with the XPT EoS3. A longer
lifetime of the fluid phase in the 1PT scenario also re-
sults in a larger values of Rlong as compared with the
3 A similar influence of the transverse flow on Rout and Rside has
been observed for the RHIC and LHC energies [16].
XPT scenario. Whereas one could expect that at lower
collision energies in the 1PT EoS a larger fraction of the
fluid phase evolution occurs in the mixed phase with zero
speed of sound leading to an increase of evolution time
and Rlong, we did not observe such a trend in the model.
The reason is that at lower collision energies in the model
a sizable amount of radial flow is developed at pre-hydro
stage. At the same time, the Rout/Rside ratio at lowest
collision energies shows a clear EoS dependence.
The Rout/Rside and R
2
out−R2side as a function of
√
sNN
were studied at fixedmT by the STAR collaboration [54].
A wide maximum near
√
sNN ∼ 20 GeV/c in both excita-
tion functions was observed. This observation is however
accompanied by rather large systematic error bars. We
have calculated the very same quantities in the model
and compared them with experimental data. The result
of comparison is shown in Fig. 6.
One can see that due to large experimental error bars
the model calculations involving the XPT EoS are in a
strong agreement with the data within the error bars at
all energies, whereas the 1PT EoS overestimates the data.
However, in the model taking into account the XPT EoS
we observe a monotonic increase in excitation functions
of both quantities, meanwhile the 1PT EoS results in a
non-decreasing behavior of the quantities. The XPT EoS
“works” better for lowest collision energies that might
be seen earlier from a better description of individual
radii in that energy region shown in Fig. 5. A study of
the Rout/Rside ratio looks traditional in the modern fem-
toscopy since the Rout and Rside radii are both reduced
by flow, thus their ratio is a more robust against the flow
effects.
As mentioned above, the parameters of the model were
adjusted to approach the basic hadronic observables: ra-
pidity, transverse momentum distributions and elliptic
flow coefficients within the BES region, but not femto-
scopic ones. No model tuning has been made for the
femtoscopy, therefore the obtained radii may be consid-
ered as a free “prediction” even though the experimental
data already exists.
C. Source emission functions
In a Monte Carlo model one has an access to the space-
time characteristics of produced particles, which allows
one to avoid the complicated procedure of solving the in-
tegral equation (see Eq. 4) as it is done in experiment [52].
The source emission function can be calculated directly
as:
S(r∗) =
∑
i6=j δ∆(r
∗ − r∗i + r∗j )
N∆3
(8)
Here ri and rj are the particles space positions, r is
the particles separation in PRF; δ∆ = 1 if |x| < p/2
and 0 otherwise, p is a size of the histogram bin. The
denominator in Eq. (8) takes care for the normalization
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(c) directions, 1PT and XPT denote a type of the used EoS.
by a product of the number of pairs N =
∑
i6=j 1 and a
bin size ∆3.
Fig. 7 demonstrates an example of one-dimensional
projections of source emission function S(r∗) derived
from the model directly.
One can see that calculations involving the 1PT EoS
lead to longer visible tails in the projections as compared
with the XPT EoS, especially for “out” direction. It is
related to a weaker transverse flow developed in the fluid
phase and a longer lifetime of the fluid phase taking place
in the 1PT EoS. A similar observation has been reported
for the “out” femtoscopic radii in the previous section.
A set of functions consisting of a single Gaussian,
double Gaussian, Gaussian + Exponential, Gaussian +
Lorentzian, and Hump function [55] was tested for a de-
scription of one-dimensional projections of source emis-
sion functions. The best description was obtained with
the Hump-function and the double Gaussian function.
The last one gives only slightly worse χ2 than the Hump-
function, but allows one for a clear interpretation of pa-
rameters and a more stable fit. The single Gaussian and
double Gaussian fit functions are shown in Fig. 7. The
parameters extracted from these fits are presented in Ta-
ble III.
The fit of projections of source emission function with
a single Gaussian gives a large value of χ2/ndf . The fit
with a double Gaussian allows one to get much better val-
ues of χ2/ndf and obtain a better description of the tails
of projections of source emission functions until ∼ 60 fm
in “out” and ∼ 25 fm in “side” and “long” directions,
respectively. The radii extracted from the double Gaus-
sian fit have a small component Rsmalli of 4-12 fm and a
large component Rlargei of 8-20 fm (as usual, i denotes
“out”, “side” and “long” directions). It reflects the fact
that pion source consists of direct particles (described by
the first component) and re-scatterings (the second one).
The difference between radii extracted from the source
emission functions obtained with the two EoS’s is seen
for both components - Rsmalli and R
large
i , but it is rather
small, less than 0.5 fm. The radii are larger for the 1PT
scenario being consistent with the three-dimensional fem-
toscopic radii reported above.
It is interesting to note that in case of the single Gaus-
sian fit the values of the radii are approximately equal
to the ones derived from the double Gaussian fit and av-
eraged quadratically over relative contributions of small
and large radii. It means that the one-dimensional Gaus-
sian radii roughly reflect the main features of double
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FIG. 5. Comparison of the model three-dimensional LCMS femtoscopy radii fitted according to Eq. (7) with those measured
by the STAR collaboration at
√
sNN = 7.7 ((a) - (d)), 11.5 ((e) - (h)), 19.6 ((i) - (l)), 27 ((m) - (p)), 39 ((q) - (t)), 62.4 ((u) -
(x)) GeV. Open squares represents the STAR data. Triangles correspond to different types of EoS like they do in Fig. 3.
TABLE III. Results of single (Eq. (5)) and double Gaussian fits of model source emission functions shown in Fig. 7. χ2/ndf
values in parenthesis correspond to the XPT EoS. All calculations are performed in PRF.
Single Gaussian χ2/ndf Radius 1PT XPT
975 (1247) Rout [fm] 11.10 ± 0.01 10.03 ± 0.01
7.7 GeV 300 (251) Rside [fm] 4.19 ± 0.01 4.16 ± 0.01
3259 (3878) Rlong[fm] 4.59 ± 0.01 4.20 ± 0.01
Double Gaussian χ2/ndf Radius 1PT XPT
51.6 (73.0) Rsmallout [fm] 8.91 ± 0.01 (λsmallout =0.66) 7.83 ± 0.01 (λsmallout =0.68)
7.7 GeV 58.7 (66.6) Rsmallside [fm] 4.10 ± 0.01 (λsmallside =0.99) 4.08 ± 0.01 (λsmallside =0.99)
130.3 (195.1) Rsmalllong [fm] 3.10 ± 0.01 (λsmalllong =0.64) 2.93 ± 0.01 (λsmalllong =0.74)
Rlargeout [fm] 13.85 ± 0.01 (λlargeout =0.34) 12.88 ± 0.01 (λlargeout =0.32)
Rlargeside [fm] 9.76 ± 0.01 (λlargeside =0.01) 9.45 ± 0.01 (λlargeside =0.01)
Rlargelong [fm] 6.06 ± 0.01 (λlargelong =0.36) 6.24 ± 0.01 (λlargelong =0.26)
Gaussian fits.
Fig. 8 shows a
√
sNN -dependence of the small and large
radii and their relative contributions extracted from the
double Gaussian fit depending on EoS.
The radii increase with increasing
√
sNN for both types
of calculations. The visible difference between small and
large radii in “out” direction (see Fig.8 (a)) decreases
with increase of
√
sNN . The relative contributions of
small and large radii to “out” direction are equal to
∼ 0.65 and ∼ 0.35 (see Fig.8 (d)) and practically do
not depend on either
√
sNN or type of EoS. The radii in
“side” direction seem to be independent of
√
sNN (see
Fig.8 (b), (e)). The radii in “long” projection almost
coincide for both types of EoS (see Fig.8 (c)), but the
relative contributions of them as a function of
√
sNN
demonstrate a difference depending on EoS. The relative
contribution of the large radii has a tendency to increase
with
√
sNN and is larger in case of the 1PT scenario (see
Fig.8 (f)).
Of course, the best comparison with experiment is a
direct comparison of source emission functions from the
model with the extracted ones experimentally. Neverthe-
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ence of the radii squared (b) as a function of
√
sNN derived
from the STAR data (0.15 < kT < 0.25 GeV/c, 0-5% central-
ity) and compared with the model calculations using the two
EoS’s.
less, this study shows us that the use of a double Gaussian
fit also reflects a lot of interesting features of source emis-
sion functions, while a single Gaussian fit used in many
experiments can be a rather risky procedure due to poor
description of the source by this function. However, as
it was demonstrated above, the radii extracted from the
single Gaussian fit are equal to the properly averaged
double Gaussian radii, giving, in principle, a realistic in-
formation on the source. This result is quite encouraging
since it is much easier to study the three-dimensional
radii than the source emission functions.
V. SUMMARY
We have presented the first study of pion femtoscopy
in viscous hydro + cascade model vHLLE+UrQMD in the
energy range of the BES program at RHIC. It is shown
that the chiral model EoS [41] (XPT EoS), which has a
crossover-type transition between QGP and hadron gas
phases, in the fluid phase results in a quite reasonable
reproduction of three-dimensional pion femtoscopic radii
measured by the STAR collaboration.
The “out” Gaussian femtoscopic radii obtained with
the bag model EoS (1PT EoS) are systematically larger
as compared with the XPT EoS; the “side” radii coincide
for both types of EoS; the “long” radii are also somewhat
larger for the 1PT EoS.
The 1PT EoS results in a systematically worse re-
production of the data, however the differences between
two EoS’s are not so large. The Rout/Rside ratio and
R2out − R2side are in agreement with the STAR results
within the error bars at all collision energies using the
XPT EoS, but their energy dependences observed in the
model are quite monotonic as opposed to the broad max-
imum around
√
sNN = 20 GeV reported by STAR. At
the same time, the 1PT EoS overestimates experimen-
tal data points for both Rout/Rside and R
2
out − R2side.
In particular, the latter EoS does not reproduce the
femtoscopic radii even at the lowest energy considered,√
sNN = 7.7 GeV.
Parameters of the model were adjusted in [35] based
on rapidity, transverse momentum spectra and elliptic
flow data in the BES region for the XPT EoS scenario.
No readjustment for the 1PT EoS has been made, which
poses an open question whether the differences in fem-
toscopic radii between the two EoS will be even smaller
if the readjustment is made for each EoS scenario indi-
vidually. Also, no additional parameter tuning has been
made for the femtoscopic observables, therefore the re-
sults may be considered as “free model predictions” even
though the experimental data already exists.
We find that a better overall description of the femto-
scopic radii would require about 1 fm/c shorter duration
of pion emission with the present setup of the model. If
it is realized, then at lower energies the 1PT scenario
will be closer to the data. This in turn may indicate a
change of the nature of phase transition at energies less
than
√
sNN = 20 GeV and this should be an incentive for
future experiments at NICA and FAIR facilities. It is an
open question whether a new set of parameters more suit-
able for the femtoscopic radii description can be found.
In addition to traditional femtoscopic radii, we have
calculated source emission functions of pion pairs. We
show that it is possible to distinguish calculations with
the two different EoS. The projections of source emission
functions onto “out” direction are wider for the use of the
1PT EoS. For “side” direction these projections coincide
for both scenarios; for “long” direction the projections
obtained with the 1PT EoS are also wider in comparison
with calculations using the XPT EoS. This observation
is related to a weaker transverse flow developed in the
fluid phase and a longer lifetime of the phase in case of
the 1PT EoS used.
In order to describe the source emission functions
quantitatively a set of different fitting functions has been
tested. It is shown that the use of a double Gaussian
fit to the source emission function gives a reasonable de-
scription and allows one for a simple interpretation of the
obtained small and large radii.
So far we have performed femtoscopic analysis with
vHLLE+UrQMD model only. As a next step we plan to
extend the analysis using 3-fluid hydrodynamics-based
event generator THESEUS [56]. In THESEUS the hy-
drodynamical description of heavy ion reaction starts
earlier, which results in different sensitivity to hydrody-
namic EoS especially in the NICA energy range.
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